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Abstract 
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1 Introduction 



The large N reduction [TJ asserts that large N field theories are equivalent to certain 
corresponding matrix models, which are called the reduced models (for further develop- 
ments in the large N reduction, see [2HT1]). In particular, in the case of gauge theories, 
these matrix models are obtained by dimensionally reducing the original theories to lower 
dimensions. The large N reduction is conceptually interesting in the sense that it realizes 
emergent space-times. It is also practically important because the reduced models can 
serve as a non-perturbative formulation of large N field theories. However, there is a 
difficulty Because of the so-called U(l) d symmetry breaking [2J, some remedy is needed 
in the case of gauge theories. In particular, no remedy that preserves supersymmetry is 
known. 

While the large N reduction has been studied so far on flat space-times, it is impor- 
tant to generalize it to curved space-times from both the conceptual and practical view- 
points. First, it can provide hints to the problem of describing curved space-times [15] 
in the matrix models that are conjectured to give a non-perturbative formulation of su- 
perstring [T6HT8] . Second, the reduced models on curved space-times are in general free 
from the U(l) d symmetry breaking. In particular, the reduced models of supersymmetric 
gauge theories on curved space-times can serve as their non-perturbative formulation that 
respects (full) supersymmetry. 

Recently, it was shown in [19J that the large N reduction holds on general group 



manifolds, which are typical curved manifolds^. In this paper, we extend it to the case of 
coset spaces^. We give a prescription by which the reduced models of large N field theories 
on coset spaces are obtained from the reduced models of the corresponding theories on 
group manifolds. We also generalize Chern-Simons (CS) theories on three-dimensional 
manifolds to arbitrary group manifolds and coset spaces, and give the corresponding 
reduced models. 

This paper is organized as follows. In section 2, as a preparation, we summarize some 



1 In [3D], a different type of the large N reduction on SU(2) ~ S 3 was also developed. For earlier 
discussions and further developments, see [2TH29] . 

2 While non-commutative field theories on coset spaces such as CP™(~ SU(n+l)/ SU(n)xU (1)) [30H39] 
have been constructed in terms of matrix models, our formulation realizes large N field theories on 
arbitrary coset spaces. 
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properties of group manifolds and coset spaces. In section 3, we briefly review the results 
in [H]. In section 4, we study the large N reduction on coset spaces. In section 5, we 
construct CS-like theories on group manifolds and coset spaces, and show that the large 
N reduction also holds. Section 6 is devoted to conclusion and discussion. 

2 Group manifolds and coset spaces 

In this section, we describe some properties of group manifolds and coset spaces which 
are needed in our analysis. See also [22]. Let G be a compact connected Lie group and 
if be a Lie subgroup of G. We put dim G = D and dim H = d. The dimension of the 
coset space G/H is given by D — d. We use the following indices: A,B,--- run from 1 to 
D, a, (3, - ■ ■ form 1 to D — d, and a,b, ■ ■ ■ from D — d + 1 to D. M, N, ■ ■ ■ run from 1 to 
D, fi, v, ■ ■ ■ from 1 to D — d, and m, n, ■ ■ ■ from D — d + 1 to D. 

We take a basis of the Lie algebra of G, t^, such that t a are a basis of the Lie algebra 
of H. tj± obey a commutation relation 



where Jabc are completely anti- symmetric. It follows that f a b a = 0. Let x be coordi- 
nates of the group manifold G. g(x) G G is locally factorized as 



where h(y) G H, and y m and are coordinates of H and G/H, respectively. The 
isometry of G is the G x G symmetry: one acts on G from the left, while the other from 
the right. Only the right G symmetry remains as the isometry of G/H. 
For g G G, a D x D matrix Ad(g) is defined by 



(2.1) 



g(x) = h(y)L(a), 



(2.2) 



gt A g 



-i 



t B Ad(g) BA . 



(2.3) 



Ad(g) is an orthogonal matrix, namely 



Ad{g) AB Ad{g) AC = S BC . 



(2.4) 



Note that for h G H 



Ad(h) 



act 



Ad(h) 



0. 



(2.5) 
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which implies that 



Ad(h) a/3 Ad(h) ai = fy 7 , 

Ad(h) ab Ad(h) ac = 5 bc . (2.6) 
Jabc is an invariant third-rank tensor: 

Ad(g) AD Ad(g) BE Ad(g) C FfDEF = Jabc- (2.7) 
We define the right invariant 1-form Ej^ by 

d M g{x)g-\x) = -iE*{x) t A . (2.8) 
E^j satisfy the Maurer-Cartan equation 

9mE^ — OnE^ — j 'abcE^E 1 ^ = 0. (2.9) 
We also define and e a m by 

d tl L(a)L~ 1 (a) = —ie^(a) t A) 

d m h(y)h~ 1 (y) = -t£ a m (y)t a . (2.10) 

Then, the components of E^ are given by 

E%(x) = Ad(h(y)Ue^a), 
E*(x) = Ad(h(y)) ab e%o), 
E%(x) = 0, 

E a m (x)=e a m (y). (2.11) 
e^(y) and e^(cr) are viewed as vierbeins of H and G/H, respectively, and satisfy 

g p a _ Q p a _ f , Zb zc q 
^rn^n ^n^rn J abc^m , n ' 

V? - - /oAB^e? = 0. (2.12) 



Some algebra gives 



9 

^4d(/i) afe = e c m f acd Ad(h) db , 



d 

Ad{h) aP = e a m f aai Ad(h) lP . (2.13) 



dy 

A right and left invariant metric of G is defined by 

Gmn = E M E N . (2-14) 

It is decomposed as 

ds 2 G = G MN dx M dx N = K^do»da u + (Ad(h) ba e h m dy m + e°da») 2 , (2.15) 

where a right invariant metric of G/H, K^, is given by 

i^ = eX- (2-16) 

When G is viewed as a principal if-bundle over G/H, correspond to the connection. 
The Haar measure of G is defined by 

dg = d D x^/G(x), (2.17) 

which is factorized as 

dg = d D ~ d ad d y \a) det e a m {y). (2.18) 
The right invariant Killing vector Ca is defined by 

U = -*'<^, (2-19) 

where are the inverse of E^. It generates the left translation, and is expressed as 

d 

C a = -iAd{h) aP e»— + ie^ele%Ad(h) bc Ad(h) a p—, (2.20) 

where e™ and are the inverses of and e^, respectively. We denote the Lie derivative 
along the Killing vector Ca by 5a- For instance, from (12. 9p . we see that 

$aEm = E^d N E^ + d M E^E^ = -/abcE^, ( 2 -21) 

SaGmn = SaE^E^ + E^SaE^ = 0. (2.22) 
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The second equation indicates the left invariance of the metric Gmn- 
The spin connection on G, Qff, is determined by the equation 

9mEn — OnE^j + tlffE^ — £I n b Em = 0. (2.23) 

Comparing this equation with (|2.9p . we find that 

^if = -^IabcEm- (2.24) 

It follows from f l2T2T|) that 

^A^ff = —fABD^M C — fACD^ff- (2.25) 

(I2.2ip and f!2.25j) show that the Lie derivative accompanied by the local Lorentz trans- 
formation keeps Em and Qff invariant. Similarly, the spin connection on G/H, u)°f \ is 
determined by the equation 

d,e: - d v e« + uf4 - ujfel = 0. (2.26) 

From fl2~T2|) . we find that 

= \fa P ^l + fafia^- (2-27) 

3 Large N reduction on group manifolds 

In this section, we briefly review the results in [T^]. The statement of the large N reduction 
on G we showed in [19] is as follows. Let a large iV matrix field theory be defined on G. 
Its action is given by integration of a Lagrangian density over G with the Haar measure 
f)2.17p . We assume that the theory possesses the right G symmetry. In other words, the 
Lagrangian has no explicit dependence on the coordinates of x of G if all the derivatives 
are expressed in terms of La (I2.19p . Then, the planar limit of the theory is described by 
the reduced matrix model that is obtained by dropping the coordinate dependence of the 
fields and replacing Ca by the commutator with the matrix La given explicitly below. 
We emphasize here that the left G symmetry is not necessary for the large N reduction 
to hold. As we will see in the next section, this fact is crucial in generalizing the large iV 
reduction to the case of coset space G/H. 
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In what follows, we illustrate the large N reduction on group manifolds by considering 
U(N) Yang-Mills (YM) theory on G with a real scalar and a Dirac fermion in the adjoint 
representation. The action is given by[] 

S = S YM + S s + S f , (3.1) 
Sym = ^ J d D xVG G MP G NQ Tr(F MN F PQ ), (3.2) 

Ss = ^J d D xVG (hG MN {d M cj> + i [Am , <j))){d N cj> + i[A N , 0]) + l -m 2 s <f? + -A , (3.3) 
Sf = —^J d D xVG (W^a (d M iJ> + i[A M , 1>] + -^ulBCTj + m/^J , (3-4) 

where Am, 4> and if) are N x N matrix fields, and Fmn = cWA/v — On Am + i[AM, An]. 
By expanding A M as 

A M = E M X A (3.5) 
and using the equations described in the previous section, we rewrite (13. 2p as 



Sym = J dg Tr(£ A X B - C B X A - if ABC X c + [X A , X B ]) 2 . (3.6) 

In a similar manner, fl3.3[) and ( 13. 4p are rewritten as 

S s = ^jdgTT (~\{C A 4> + [X A , 0]) 2 + im 2 2 + -A , (3.7) 

S f = ~^J d 9 Tr (^T A (^V + [Xa, + \fABci>l ABC i> + mfW) • (3-8) 

The theory possesses the G x G symmetry, while the left G symmetry is not necessary 
for the large N reduction. We take the planar ('t Hooft) limit in which 

N -»■ oo, n — y with k 2 N = A fixed, (3.9) 

where A is the 't Hooft coupling. 

To obtain the reduced model, we first define an n-dimensional vector space V n by 
truncating the space of the regular representation of G as follows. We label the irreducible 
representations of G by r, and denote the representation space of the representation r by 



3 We can consider other terms such as higher derivative terms and the Yukawa interaction term. 
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and its dimension by d r . We define a set of the irreducible representations, I\, for a 
positive number A: 

I A = {r;C 2 (r)<A 2 }, (3.10) 
where Cz{t) is the second-order Casimir of the representation r. Then, V n is defined by 

v n = ffi y [r] ®- - -®v [r l (3.11) 

r&A d r 

Note that the dimension of V n is given by 

n=J2€ (3.12) 

Indeed, the space of the regular representation is obtained by taking the A — > oo limit 
in (13.111) . The A — > oo limit corresponds to the n — > oo limit, and A plays the role of a 
ultraviolet cutoff. We next introduce a k- dimensional vector space and consider the 
tensor product space 

V N = V n ®W k , (3.13) 



where N = nk is the dimension of Vjv- 
The rule to obtain the reduced model is 



X A (g) X A , </>(#) -> 0, ^(c/) -> ^, 

£ a ^[L a , ], [dg^v, (3.14) 



where X^, 0, t/> and La are N x N hermitian matrices that are linear operators acting 
on V^. La take the form 

~ L A = I ffilJa-Sl! ] ®U, (3.15) 

vS' — : — 7 

where are the representation matrices of t A in the representation r. t> is given by 

v = V/n, (3.16) 
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where V is the volume of G: 

V = J dg. (3.17) 
Applying fl3Tl4j) to (j3TB]h (1371) and (|53ty . we obtain the reduced model of flBTTj) . 

5 r = SyA/.r + 'S's.r + «S/,rj (3.18) 

S YM ,r = -£^ Tr ([£a,*b] - [L B ,X A ] - iIabcXc + [X A ,X B }f , (3.19) 

S s , r = ^Tr (-±([L A ,$\ + [X A ,0]) 2 + im^ 2 + ±jA , (3.20) 

% = "^Tr ^7 A ([L A ,^] + + ^f AB ch ABC ^ + rn f Uj . (3.21) 
Making a redefinition 

L A + X A ->• X A (3.22) 



leads to 



5^ — S Y M,r + ^s,r + (3.23) 

^M.r = -£^Tr ([X A , X B ] - ^abc^c) 2 , (3.24) 



S' s , r = ^Tr (-\iXaA? + \m 2 s 4> 2 + \4> 4 ), (3.25) 



S f,r = -^ Tr (y4l A [XA, j>] + \f A Bch ABC i> + m f U^j ■ (3.26) 

Note that S' r is identical to the dimensional reduction of (13. ip to zero dimension. X A = L A 
is a classical solution of S' r , around which we expand S' r to obtain S'r. 

The statement of the large N reduction is as follows. Here we assume that G is semi- 
simple. If we expand ( I3.23P around X A = L A , the planar limit of (13. 1 1) is retrieved in the 
limit in which 

n — > oo, k — > oo, k — V 0, with A = k 2 N = n 2 nk fixed. (3.27) 



For instance, the correspondence for the free energy is given by 

F F r 



N 2 V N 2 v' 



(3.28) 



where F and F r are the free energies of the original theory and the reduced model, 
respectively. For the correspondence for the correlation functions, see [12] . The reduced 
model (I3.23P respects the GxG symmetry and the gauge symmetry of the original theory. 
The latter corresponds to the symmetry given by 

X' = UXU- 1 (3.29) 

for an arbitrary N x N unitary matrix U, where X stands for Xa or <j> or ip or ip. 

If G is not semi-simple, the above statement does not hold as it standqj. The zero- 
dimensional massless modes around the background Xa = La in (I3.23P makes the back- 
ground unstable. To resolve this problem, we need a remedy such as the quenching [2JH] 
or the twisting [6]. 

4 Large N reduction on G/H 

4.1 Theories on G/H obtained by the dimensional reduction of 
GxG symmetric theories on G 

In this subsection, we study the large N reduction for theories on G/H that are obtained 
by the dimensional reduction of G x G symmetric theories on G. For the dimensional 
reduction of such theories, see also [22] . 

Here, as an illustration, we examine the theory (13.11) . As explained in detail below, 
the dimensional reduction to G/H is achieved by imposing the constraints 

C a X A = lfaA B X B} (4.1) 

Ca4> = 0, (4.2) 

OZ> = \faABl AB ^, Cai> = -\faAB^l AB (4.3) 

on the theory. These constraints are, for instance, realized by adding 
dgTr(M 2 g (£ a X B - if aBC X c f + M s 2 (£ a 0) 2 

+ Mf(C a j> + l -faABh AB )(^ ~ \faCDl CD ^)) (4.4) 



4 There is no problem for matter fields even if G is not semi-simple. In fact, (I3.20[) and (|3.2I[) without 
Xa retrieve the planar limit of (|3.3[) and (|3.4p without the gauge field, respectively. 
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to the action and taking the M g , M s , Mf — y oo limit. Because of these constraints, the 
G x G symmetry of (13.1 p is broken to the right G symmetry. As emphasized in the 
beginning of section 3, the right G symmetry is sufficient for the large N reduction to 
hold. The large N reduction, therefore, holds for the theory obtained by dimensionally 
reducing (13.1 1) to G/H as follows. Applying the rule (13.141) to the theory (13.11) with (14.11) . 
(14. 2 p and H4.3[) leads to imposing constraints 

[L a ,X B ] = if*BcX c , (4.5) 
[L a ,4>]=0, (4.6) 

[L a , V>] = \faCDl CD ^, [L a , $} = -\f aAB h AB (4.7) 

on ( 13.181) or (13.23}) . Note that the redefinition L a + X a — y X a keeps the constraint ( 14. 5ft 
invariant. For instance, these constrains are realized by adding 

Ti(M 2 ([L a .X B ] - if aBC X c ) 2 + M 2 s [L ai 0] 2 

+ M f ([L a J) + -J^h^maM - \faCDl CD ^)) (4.8) 

to (13TT8D or ( 13T23D and taking the M g , M s , Mf —y oo limit. X A = L A satisfies (Q|) . (Oj) 
and (H3D and is a classical solution of (13T23D with (Oj) . We expand ( 13T231) with (Oil 
around the classical solution to obtain ( I3.18P with (14. 8p . To summarize, the reduced 
model of the theory on G/H is the matrix model ( I3.23P with the constraints (14. 5p . ( 14. 6p 
and ( 14. 7p . The reduced model retrieves the planar limit of the theory on G/H in the limit 
( I3.27p . It respects the right G symmetry of the theory on G/H. It also has the gauge 
symmetry ( I3.29P with the constraint 

[L a ,U]=0 (4.9) 

satisfied. This corresponds to the gauge symmetry of the theory on G/H. 

In what follows, we see that imposing ( 14. ip . ( 14. 2 p and (14. 3p on ( 13. ip indeed yields the 
dimensional reduction to G/H. The left G symmetry corresponds to the invariance of 
( 13. ip under the transformation 

A M -»■ A M + e5 A A M} (4.10) 
0^0 + e 5 A 0, (4.11) 
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^^^ + e(^ A ^ + \fABCl BC ^j, ^^iJ + e^S A ^-^f ABC ^ Bc y (4.12) 

This invariance follows from (I2.2ip . (I2.22p and (12. 25 j) . Note that the transformation of the 
fermion includes the local Lorentz transformation as well as the Lie derivative, because 
and Qff are invariant under such a transformation. By using Ca, (14.101) . (14. lip and 
(I4.12p are expressed as 

X B -> X B + e{iC A X B + fABcXc), (4.13) 
</> + ei£ A 0, (4.14) 

ij ^^ + e^C A ^ + ^fABCl BC ^j , $ -> $ + e (^a</> - i W^7 BC ) • (4.15) 

Hence, by imposing the constraints (14. ip . (14. 2 j) and (14. 3 p on (13. ip . we can make a dimen- 
sional reduction from G to G/H, which is the so-called consistent truncation. Namely, 
every solution to the equation of motion in the dimensionally reduced theory is also a 
solution to the equation of motion in the original theory. 

Let us obtain the explicit form of the resultant theory on G/H. Using the equations 
described in section 2, we solve (14.11) as 



X a = Ad(h{y)) a ^{a)a p {a), (4.16) 

X a = -Ad{h{y)) ah (j> h {a). (4.17) 

Similarly, ( 14. 2 p is solved as 

<j> = <S>{a). (4.18) 
To solve (14. 3p . we introduce pit a) defined by 

p(t A ) = -\fABd BC . (4.19) 

It satisfies 

[p{t A ),p{t B )]=ifABCp{tc). (4.20) 

Then, we can solve (14.31) as 

^ = e isa (y)p^) x ( a ), t/j = x(v)e- iea{y)p{ta \ (4.21) 



11 



where 9 a (y) is defined by 

h = e ida{y)ta . (4.22) 
Substituting (Ofi|) and (jTTj) into flX2]) leads to 

+ -^{d^a + i[a^, a ] - e h J ahc <j) c ){d v <t> a + i[a„, a ] - e d J ade $ e ) 

+l K ^K^(f fll/ - ^0 a )(/ Ap - 6^)) . ( 4 -23) 

where w is the volume of H, f^ u = d^a u -d u a^+i[a^ a v ), and = d^e a u -d u e a ^- f abc e b ^el = 
faa^^v- The final expression is indeed independent of We have obtained YM theory 
coupled to d Higgs fields on G/H. This result agrees with the one in [22]. Similarly, 
substituting fl4~T6l) . fl4TT7j) and (g~TBJ) into ([33D, we obtain 

^ G/H= 5 / dD ' d(T ^ Tr + *[°m> 4>])(du<t> + %[ou, 0]) 



^ ^ + I m 2 2 + 1 4 ) _ (424) 



2 2 iT 4 

Finally, by using (14TT6]) . ffl~TTj) . ffl~2Tj) and the equation 

^(^(M^e^O/Mfe) = Ad(h)AB / yB, (4.25) 

(13. 4 p becomes 

5 / G/ " = - ^ / d D ~ d crVk Tr (<X7 Q (^X + \^1mX + i[a„ *]) 
-^7 a [0a,x] + ^a 6c e^X7 a6a X 

-U 6c X7 abc X + ^/ aQ/ 3X7 aa/3 X + m/Xx) ■ (4-26) 



We have obtained 2 2 -flavor fermions for even d } 2^2 ^flavor fermions for odd d and even 
D, and 2 ^"-flavor fermions for odd d and odd D. 

4.2 Minimal theories on G/H 

In the previous subsection, we obtained the reduced model of (14.231) . which is YM theory 
with d Higgs scalars on G/H originating from the consistent truncation of pure YM theory 
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on G. We also obtained the reduced model of multi-flavor fermions on G/H originating 
from one-flavor fermion on G. In this subsection, we will study the large N reduction for 
"minimal" theories on G/H: pure YM theory on G/H and one-flavor fermion on G/H. 

We first study pure YM theory on G/H. As explained below, it is equivalent to a 
theory on G 

S ym = J dg Tr(C a Xp - C p X a - if a p y X 7 + [X a , X?}) 2 . (4.27) 

with the constraint 

C a X a = ifanpXp. (4.28) 

The theory (14.271) with (14.281) possesses the right G symmetry. Hence, the large N reduc- 
tion holds for pure YM theory on G/H. Applying the rule f[3TT4]) to ( fl~2Tj) with ffl~28]) . 
we obtain the reduced model of pure YM on G/H which is a matrix model 

SyM,r = --^([L a ,X p ] - [L^X a ] - if^X,) 2 (4.29) 

with the constraint 

[L a ,X a \=if aaP Xp. (4.30) 

The reduced model retrieves the planar limit of pure YM theory on G/H in the limit 
( E27D - As before, the redefinition L a + X a ->■ X a in P~2gJ) yields 

SymJ — ~ 4^2^ r ([^ a ' ^] _ ifa/l-yX-f — if a /3aL a ) 2 - (4-31) 

Note again that the redefinition keeps the constraint (14.301) invariant. Hence, the reduced 
model of pure YM theory on G/H is also given by the matrix model (14 . 3 1 j) with the 
constraint (I4.30p . X a = L a satisfies the constraint (I4.30P and is a classical solution of the 
reduced model, (14.311) with (I4.30p . We expand the reduced model around the classical 
solution and take the limit (I3.27P to obtain the planar limit of pure YM theory on G/H. 
Note that fOT]) with (ODjl is obtained by putting X a = L a in fl3T24"|) with (j4"3|l . The 
reduced model, (I4.3ip with (I4.30p . respects the right G symmetry and the gauge symmetry 
of pure YM theory on G/H. 
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Now let us see that (OTj) with fl4T28|) indeed yields pure YM theory on G/H. f l427j) 
is obtained by putting 



X a = (4.32) 

and (14 .281) in (13.61) . Recall that (13 .61) is invariant under the transformation (14 . 1 3 j) with 
A = a. Note also that (14 . 3 2 [) and (I4.28[) are invariant under this transformation. Hence, 
(I4.27P has the symmetry given by 

X Q ->• X a + t{iC a X a + f aap Xp) . (4.33) 

This implies that we can impose the constraint (14 . 2 8 1) on (14 . 2 T[) to truncate (14. 27[) consis- 
tently to a theory on G/H. The solution of the constraint (I4.28j) is given in (14 . 1 6 j) . By 
substituting the solution into (I4.27[) . we indeed obtain pure YM theory on G/H 

S YM = ^ 2 f d D - d aVKK^K^Tr(f„ u f Xp ). (4.34) 

Next, we study one-flavor fermion on G/H. Instead of (13.81) . we consider the following 
theory on G 

S 'f = --^J d 9^ + [X a , if,]) + \Ml aM ^ + "W) , ( 4 -35) 

with the constraints (I4.28P and 



C a lP = -faa^^P, Calp = —Ja a ^T\ (4.36) 

where ij) and ij) are a 2^~ -component fermion for even D — d and a 2 2 -component 
fermion for odd D — d. Indeed, while (14 . 3 5 1) is a theory on G, 7° are the gamma matrices 
in D — d dimensions. As we will see below, the theory (14.351) with these constrains 
represents one- flavor fermion on G/H. It possesses the right G symmetry, so that the 
large N reduction holds for it as in the case of pure YM theory on G/H. Applying the 
rule fl3TT4D to f T4~35l) with (14281) and ( 14^361) and making the redefinition L a + X a — > X a , 
we obtain the reduced model of one-flavor fermion on G/H which is a matrix model 

S T,r n = -7^ Tr (W[A Q , + l -f a ^l aM ^ + mfW) (4-37) 
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with the constraints (I4.30P and 

[L a , ^ = \f^l a ^, [La, i>] = -\U$l aP . (4.38) 

We expand the reduced model around a classical solution X a = L a and take the limit 
( 13.271) to retrieve the planar limit of one-flavor fermion on G/H. The reduced model 
respects the right G symmetry and the gauge symmetry of one-flavor fermion on G/H. 

Finally, let us see that the theory (I4.35P with the constraints ( 14 . 2 8 [) and (I4.36P is 
indeed one-flavor theory on G/H. It is easy to verify that (I4.35P is invariant under the 
transformation 

X a ^X a + e(C a X a -if aaP X p ), (4.39) 



V> V + e [C^ - -f aa ^ a ^j , ip^ip + e I £ a *l> + -f aa p^ j . (4.40) 

We can, therefore, impose (I4.28P and (I4.36P on (I4.35P to truncate (14.351) consistently to a 
theory on G/H. We will check below that the resulting theory is the one with one-flavor 
Dirac fermion on G/H. We define p(t a ) by 



P(t a ) = ~faa^. (4.41) 



p{t a ) satisfies 



\p(jt a ),p(t b )]=if abc p(jt c ), (4.42) 

e ^{y)p{ta) la ^{y)p{t b ) = Ad(h) aplp . (4.43) 

We can solve ( I4.36P as 

^ = e M a (y)p(t a ) x ( a ^ $ = ^ a ) e -^ a (y)Kta)_ (4_ 44 ) 
Substituting (j4TT5|) and ( BD into (14T33]) indeed yields 

S T n = -^j d D - d °VKTr (e» aX l a (d»X + \^1^X + x]j + ™/Xx) ■ (4.45) 

5 CS-like theories on G and G/H 

In this section, we construct CS-like theories on G and G/H and give their reduced 
models. The CS 3-form on G is defined by 

u 3 = Ti (^AAdA+jAA A A A^j . (5.1) 
15 



For an arbitrary N x N unitary matrix, the gauge transformation is given by 

A' = idUU~ 1 + UAU' 1 . (5.2) 

As is well known, the CS 3-form is transformed under the gauge transformation as 

u)' 3 = u 3 - i<m{U- l dU A A)- \Ti(dUU- 1 A dUU- 1 A dUU- 1 ). (5.3) 

The 3-form in the third term of RHS is closed: 

dTi{dUU~ l A dUU' 1 A dUU' 1 ) = 0, (5.4) 

which means that the 3-form belongs to H 3 (G). 

We define a 3-form / on G in terms of the structure constant j abc'- 

f = ^f ABC E A AE B AE c . (5.5) 

It is easy to show that 

df = 0, (5.6) 

d*f = 0, (5.7) 

which means that / and */ are harmonic forms so that / and / are non-zero elements of 
H 3 (G) and H D ~ 3 (G), respectively. We define the CS-like theory on G 

S = - fu 3 A */. (5.8) 



a _ 

We can show that (15. 8p has the gauge symmetry as follows. Using (15.31) . (15. 4p . (15 .7p and 
the Poincare duality, we find that S transforms to 

S' = S-—[ Tr (dUU- 1 A dUU- 1 A dUU- 1 ), (5.9) 
3« Jc 3 

where C3 is the 3-cycle dual to */. As in the case of three-dimensional CS theory, if we 
normalize a appropriately, we obtain 

S' = S + 2Trn (5.10) 
for an integer n, so that e lS is indeed invariant. 
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( 15. 8 p is rewritten as 

S = -L J d D xVG E% E»E%f ABG Tr U M d N A L + 2 -^A M A N A^ 

= <LJ dg fAB ° TT {^ XaCbXc + \fBC D X A X D + *X A X B X^j . (5.11) 
The reduced model of (15.111) is 

S r = 7^/ ABC Tr ( iX A [L B , X c ] + \f BCD X A X D + ^X A X B X C ) , (5.12) 

DQ \ 2 6 J 

which retrieves the planar limit of (15.81) in the limit (I3.27p . By making the redefinition 
L A + X A — > X A , we obtain from (I5.12p up to an irrelevant constant term 

S' r = ^f ABC Tr ( l -f BC DX A X D + ^X A X B X C ) . (5.13) 

X A = L A is a classical solution of ( 15. 13ft . We expand (15. 13ft around X A = L A and take 
the limit ( I3.27p . Then, (I5.13P retrieves the planar limit of the original CS-like theory. For 
G — SU(2), ( 15. 8 p is nothing but pure CS theory on the 3-spherqj. 

Next, we study the CS-like theory on G/H. It is easy to see from (I2.2ip that 

5 A (f BCD E^E^E L D ) = 0. (5.14) 

This implies that (15.111) is invariant under the transformation (I4.10p . Hence, by imposing 
the constraints (14.321) and (14.281) on (15. lip , we can truncate ( 15. lip to a theory on G/H as 
in the case of YM theory on G. The resulting theory is a CS-like theory on G/H which 
takes the form 

S G/H = £ J d D ~ d aVKf a ^Ti (iX a CpX, + ^fpysXaXs + jX a X p X, 
w f 

= - w 3 A*f. (5.15) 
a J 

Here Q3 is the CS 3-form on G/H: 

( ~ 2% \ 
U3 = Tr ( a A da + —a A a A a J (5.16) 



5 In [26l[27] , the different type of the large N reduction on S 3 developed in [20] was explicitly demon- 
strated for this theory. 
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with 



d = da^^-. (5.17) 

f is a 3-form on G/H, which is analogous to / on G: 

/ = /^/Ae^Ael (5.18) 

* stands for the Hodge dual on G/H. (I4.16P has been used to obtain the second line of 
(I5.15p . By construction, (I5.15P has the symmetry under the gauge transformation (15. 2p 
with 5 a U = (dU/dy m = 0). Indeed, we can easily show that 

d*f = (5.19) 

which means that */ G H D ~ d ~ 3 (G/ H). Hence, under the gauge transformation 

a' = iduu' 1 + uau~ x (5.20) 

with u an arbitrary cr-dependent N x N unitary matrix, ( 15. 15ft is transformed as S' = 
S + 2irn, as in the case of the CS-like theory on G. 
The reduced model of (I5.15P is 

S? /H = ^/ Q/37 Tr (iX a [L Pi X 7 ] + ^ s X a X s + jX a X X^j . (5.21) 
with the constraint (14.30j) . The redefinition L a + X a — > X a in ( 15.2 II) leads to 

S^ Hl = — / a/?7 Tr y-fpjsX a Xs + —XaXpX^ + fp ia L a Xc}j 
up to an irrelevant constant term. 



(5.22) 



6 Conclusion and discussion 

In this paper, we showed that the large N reduction holds on coset spaces. The reduced 
models of large iV field theories on coset spaces are obtained by imposing the constraints on 
the reduced models of the corresponding theories on group manifolds. We also constructed 
CS-like theories on group manifolds and coset spaces, and gave their reduced models. 
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As an application of our findings in this paper, we can define large N field theories on 
S 4 ~ SO(5) / SO(A) non-perturbatively in terms of their reduced models. In particular, 
it is interesting to construct the reduced models of supersymmetric gauge theories on S 4 . 
While the reduced models of those on R x S 3 constructed in [T9||20] still has the continuous 
time direction, the reduced models of those on S* 4 are indeed defined in zero dimension 
so that they would be more tractable. The large N reduction for CS-like theories can be 
applied to the study of the ABJM theory [40J. 

We hope to find reduced models of large N field theories on a wider class of curved 
spaces and eventually to make progress in the description of curved space-times in the 
matrix models conjectured to give a non-perturbative formulation of superstring. 

Acknowledgment 

This work was supported by the Grant-in-Aid for the Global COE program "The Next 
Generation of Physics, Spun from Universality and Emergence" from the Ministry of 
Education, Culture, Sports, Science and Technology (MEXT) of Japan. The work of 
S. S. is supported by JSPS. The work of A. T. is supported by the Grant-in-Aid for 
Scientific Research (19540294) from JSPS. 

References 

[1] T. Eguchi and H. Kawai, Phys. Rev. Lett. 48, 1063 (1982). 

[2] G. Bhanot, U. M. Heller and H. Neuberger, Phys. Lett. B 113, 47 (1982). 

[3] G. Parisi, Phys. Lett. B 112, 463 (1982). 

[4] D. J. Gross and Y. Kitazawa, Nucl. Phys. B 206, 440 (1982). 

[5] S. R. Das and S. R. Wadia, Phys. Lett. B 117, 228 (1982) [Erratum-ibid. B 121, 456 
(1983)]. 

[6] A. Gonzalez- Arroyo and M. Okawa, Phys. Rev. D 27, 2397 (1983). 



[7] Y. Makeenko, arXiv:hep-th/0001047 



19 



[8] R. Narayanan and H. Neuberger, Phys. Rev. Lett. 91, 081601 (2003) 
|arXiv:hep-lat/03030~23] . 

[9] P. Kovtun, M. Unsal and L. G. Yaffe, JHEP 0706, 019 (2007) 
|arXiv:hep-th/070202l] . 

[10] H. Vairinhos and M. Teper, PoS LAT2007, 282 (2007) [arXiv:0710.3337l [hep-lat]]. 

[11] T. Azeyanagi, M. Hanada, T. Hirata and T. Ishikawa, JHEP 0801, 025 (2008) 
jarXiv:0711.1925l [hep-lat]]. 

[12] M. Unsal and L. G. Yaffe, Phys. Rev. D 78, 065035 (2008) [arXiv: 0803 .0341 [hep-th]]. 

[13] B. Bringoltz and S. R. Sharpe, Phys. Rev. D 80, 065031 (2009) [arX iv:0906.3538l 
[hep-lat]]. 

[14] E. Poppitz and M. Unsal, JHEP 1001, 098 (2010) |arXiv:0911.0"358l [hep-th]]. 

[15] M. Hanada, H. Kawai and Y. Kimura, Prog. Theor. Phys. 114, 1295 (2005) 
|arXiv:hep-th/05082iT] . 

[16] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D 55, 5112 (1997) 
|arXiv:hep-th/9610043] . 

[17] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B 498, 467 (1997) 
|arXiv:hep-th/9612li5] . 

[18] R. Dijkgraaf, E. P. Verlinde and H. L. Verlinde, Nucl. Phys. B 500, 43 (1997) 
|arXiv:hep-th/970303"0] . 

[19] H. Kawai, S. Shimasaki and A. Tsuchiya. larXiv:0912.14 56 [hep-th]. 

[20] T. Ishii, G. Ishiki, S. Shimasaki and A. Tsuchiya, Phys. Rev. D 78, 106001 (2008) 
|arXiv:0807.2352l [hep-th]]. 

[21] G. Ishiki, S. Shimasaki, Y. Takayama and A. Tsuchiya, JHEP 0611, 089 (2006) 
|arXiv:hep-th/0610038] . 



20 



[22] T. Ishii, G. Ishiki, S. Shimasaki and A. Tsuchiya, Phys. Rev. D 77, 126015 (2008) 
|arXiv:0802.2782l [hep-th]]. 

[23] G. Ishiki, S. W. Kim, J. Nishimura and A. Tsuchiya, Phys. Rev. Lett. 102, 111601 
(2009) |arXiv:0810.2"884l [hep-th]]. 

[24] G. Ishiki, S. W. Kim, J. Nishimura and A. Tsuchiya, JHEP 0909, 029 (2009) 



|arXiv: 0907. 14881 [hep-th] ] . 



[25] Y. Kitazawa and K. Matsumoto, Phys. Rev. D 79, 065003 (2009) [arX iv:0811.0529l 
[hep-th]]. 

[26] G. Ishiki, S. Shimasaki and A. Tsuchiya, Phys. Rev. D 80, 086004 (2009) 
|arXiv:0908.17TT1 [hep-th]]. 

[27] G. Ishiki, S. Shimasaki and A. Tsuchiya, Nucl. Phys. B 834, 423 (2010) 
jarXiv: 1001 .4917 [hep-th]]. 

[28] M. Hanada, L. Mannelli and Y. Matsuo, JHEP 0911, 087 (2009) [arX iv:0907.4937l 
[hep-th]]. 

[29] M. Hanada, L. Mannelli and Y. Matsuo, Phys. Rev. D 80, 125001 (2009) 
jarXiv:0905.2995 [hep-th]]. 

[30] J. Madore, Class. Quant. Grav. 9, 69 (1992). 

[31] H. Grosse, C. Klimcik and P. Presnajder, Int. J. Theor. Phys. 35, 231 (1996) 
|arXiv:hep-th/9505175] . 

[32] U. Carow-Watamura and S. Watamura, Commun. Math. Phys. 212, 395 (2000) 
|arXiv:hep-th/980119'5] . 

[33] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Nucl. Phys. B 604, 121 (2001) 
|arXiv:hep-th/010110"2] . 

[34] U. Carow-Watamura, H. Steinacker and S. Watamura, J. Geom. Phys. 54, 373 (2005) 
|arXiv:hep-th/0404130] . 




21 



[35] G. Alexanian, A. P. Balachandran, G. Immirzi and B. Ydri, J. Geom. Phys. 42, 28 
(2002) |arXiv:hep-th/0103023] . 

[36] A. P. Balachandran, B. P. Dolan, J. H. Lee, X. Martin and D. O'Connor, J. Geom. 
Phys. 43, 184 (2002) |arXiv:hep-th/0107099] . 

[37] Y. Kitazawa, Nucl. Phys. B 642, 210 (2002) | jarXiv:hep-th/0207115| . 

[38] H. Grosse and H. Steinacker, Nucl. Phys. B 707, 145 (2005) |arXiv:hep-th/0407089] . 

[39] B. P. Dolan, I. Huet, S. Murray and D. O'Connor, JHEP 0707, 007 (2007) 
|arXiv:hep-th/061120"9] . 

[40] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810, 091 (2008) 
|arXiv:0806.12T8l [hep-th]]. 



22 



